OATAO is an open access repository that collects the work of Toulouse researchers and makes it freely available over the web where possible. This is an author-deposited version published in : http://oatao. The combustion noise in aero-engines is known to have two different origins. First, the direct combustion noise is directly generated by the flame itself. Second, the indirect combustion noise is caused by the acceleration in the turbine stages of entropy spots generated by the combustion. In both cases, the turbo-machinery is involved in the combustion-noise transmission and generation. Numerical simulations are performed in the present study to assess the global noise for a real aeronautical configuration. On the one hand, the acoustic and entropy transfer functions of an isolated blade row are obtained using two-dimensional unsteady simulations. The transfer functions of the blade row are compared with the model of Cumpsty and Marble that assumes an axially compact configuration. On the other hand, the acoustic and entropy sources coming from a combustion chamber are calculated from a three-dimensional Large Eddy Simulation (LES). This allows an evaluation of the error introduced by the model for the present combustion chamber using the previous numerical simulations. A significant error is found for the indirect combustion noise, whereas it stays reasonable for the direct one.
spacing is small compared to the chord. The wave lengths of the different waves involved in the process are thus large compared with the axial length of the blade row. The steady flows on both sides of the blade row are assumed to be different, but uniform, so that the former is treated as a planar interface, as shown in Fig. 1 . Assuming that the perturbations are small, balance equations can be written on both sides, the outgoing waves can be evaluated as a function of the incoming ones and of the main flow parameters. The primitive variables of the flow considered here are the pressure p, the density ρ, the relative velocity vector w and the flow angle θ. Similarly, the waves are characterized by the wave vector k and the wave angle ν. 
D Dt
where the material derivative is written as
with U ¼ W cos θ and V ¼ W sin θ being the axial and circumferential components of the mean velocity, respectively. The fluctuating variables u 0 and v 0 are the velocity perturbations in the x and y directions respectively. They can be related to w 0 and θ 0 through the velocity triangles
In each uniform region any wave ϕ is assumed harmonic and can be written in the form
where A ϕ represents the amplitude, ω the angular frequency and k ϕ the wave vector associated with the wave, which can be expressed as a combination of the axial and circumferential components k ϕ Á x ¼ k x;ϕ x þk y;ϕ y with k x;ϕ ¼ k ϕ cos ν ϕ and k y;ϕ ¼ k ϕ sin ν ϕ ;
where k ϕ is the modulus of the wave vector k ϕ . The latter is scaled with the mean sound speed c and the angular frequency, yielding the dimensionless wave vector, K ϕ ¼ k ϕ c=ω. The material derivative given by Eq. (5) then becomes D Dt ¼ iω À Uik x;ϕ À Vik y;ϕ :
For instance, the dimensionless entropy fluctuation s 0 =c p is defined as
where s 0 is the entropy fluctuation and c p the thermal capacity at constant pressure. Inserting Eq. (10) into Eq. (4) yields the following dispersion equation for the entropy wave: ωÀW cos ðθÞk s cos ðν s Þ ÀW sin ðθÞk s sin ðν s Þ ¼ 0: (11) If the dimensionless wavenumber K s ¼ k s c=ω is introduced, the dispersion equation can be rearranged as follows: 
Similarly, the perturbation of vorticity ξ 0 ∂v 0 =∂x À ∂u 0 =∂y is written as follows:
Taking the spatial derivatives of Eqs. (2) and (3) leads to
Subtracting both relations in Eq. (15) yields
Finally, the vorticity fluctuation verifies the following relationship:
By similarity with the entropy fluctuations, the dimensionless vorticity wavenumber K ξ ¼ k ξ c=ω checks the following dispersion equation:
Because vorticity waves are divergence free
the following relationship is obtained
By definition
that leads to
Combining Eqs. (22) with (6) The fluctuations related to the vorticity wave can finally be written as
The pressure perturbation p 0 =γp is defined as follows:
As entropy and vorticity fluctuations are described by independent fluctuations, the acoustic waves generate a fluctuating field that is irrotational and isentropic. Eqs. (1)- (4) can be combined to give the wave equation satisfied by the acoustic pressure field
which leads to the dispersion equation verified by the dimensionless wave vectors
Indeed, two wave vectors k þ and k À satisfy the wave equation (26) . The wavenumbers k y; 7 are real since the domain is periodic in the azimuthal direction. The wavenumbers k x; þ and k x; À can be complex and read 
By expressing u 0 7 and v 0 7 from the momentum equations (2) and (3) and noticing that ρ 0 =ρ ¼ p 0 =γp when considering acoustics only, the fluctuations of primitive variables can be related to the acoustic waves w
The contribution of all waves (s, v and 7) can be summed to yield the total fluctuations of the primitive variables, since the so-called waves are independent to first-order. Eqs. (13), (24) , and (29) are then used to build the transformation matrix ½P 
with As a second step, the blade row itself is assumed compact. Therefore, the fluctuations of entropy, mass-flow and energy are the same on both sides. For small perturbations, the conservation of the entropy between the inlet and the outlet of the blade row leads to
where (1) relates to the inlet of the blade row and (2) to its outlet, as shown in Fig. 1 . For small perturbations, the mass-flow rate conservation can be expressed as
The total temperature T t (representing the total fluid energy) is based here on the velocity magnitude W. Therefore, considering that T t is conserved through a stator vane row yields for small perturbations
The axial flow upstream and downstream of the blade row is here considered to be always subsonic (like in aero-engines), therefore there are always three waves travelling downward (acoustic, entropy and vorticity) and one travelling upstream (acoustic). Four waves are entering the blade row (three at the inlet and one at the outlet) and four are also outgoing (one at the inlet and three at the outlet). For the flow deviation, the Kutta condition proposed by Cumpsty and Marble [6] is used
or in a more general form, as proposed by Cumpsty and Marble [6] ,
where α is a constant real number defined experimentally. Finally, Eqs. (32)- (34) and (36) can be written with the matrix ½E e p that relates the primitive variables fluctuations at the inlet and the outlet of the blade row:
with
and
where μ ¼ ð1 þðγ À 1ÞM 2 =2Þ À 1 . The overall problem of the stator row can then be expressed in terms of waves in a matrix-form as follows:
In Eq. (40), the left-hand-side term contains the wave w À 1 that is travelling upward from the blade row and is unknown, whereas the other waves are imposed. The situation is reversed in the right-hand-side term, where the wave w À 2 is an input, and the other ones have to be found. In the case of an isolated blade row, the terms of the last column of the matrix ½B can be simply permuted from left-to-right and changed of sign yielding the matrices ½A i and ½A o . Likewise, the last terms of the vectors containing the waves are also permuted. Finally, the equation to be solved is
The general expression of the outgoing waves is rather cumbersome. However, the present simulations shown in the next section are achieved for waves parallel to the blade row (k y ¼0), so that the expression of the outgoing waves in Eq. (41) can be simplified. Four different cases can then be defined in order to describe the problem completely and are given in Appendix A.
Numerical simulation
The goal of the numerical simulation is to calculate the actual transfer function of a turbine stator vane impinged by different perturbations, in order to evaluate the error made when using the simplified compact model of Cumpsty and Marble [6, 5] . However, computing the turbulent flow field in the complete annular blade rows of an actual turbine even at a mean radius (2-D) is still out of reach. Indeed, validating the model involves a very large range of characteristic times (ratio in the order of 10 7 in this case). On the one hand, wavelengths of the imposed perturbations have to be sufficiently large to be able to verify the compact blade row assumption. On the other hand, the time-step of the computation has to be sufficiently small to solve the flow correctly for the small geometrical details, such as the trailing-edge for instance. The simulations are therefore done for a single 2-D stator passage as the computational domain, with periodic boundary conditions on each side of the vane to mimic an infinite blade row. As explained by Cumpsty and Marble [6] , the axial Mach number through the blade rows is subsonic in most turbine applications. However, this is not the case for the global Mach number which is supersonic at the outlet of the stator vanes due to the strong deviation of the mean flow. The presence of a supersonic flow, and the shock waves downstream, adds another layer of complexity for both the numerical simulation of the propagation of waves and the analytical models. The propagation of entropy and acoustic waves through shock waves has been studied analytically [15, 11, 27, 8] and numerically [15] in 1-D configurations. The stator blade considered in this section is subsonic in order to compare the results with Cumpsty and Marbel's [6] method, which does not include the acoustic and entropy waves generation caused by the interaction of perturbations with the shock wave. Moreover, the flow at the outlet of the combustion chamber is typically turbulent. This turbulence would, if introduced in the numerical simulation, generate its own noise due to the interaction with the stator blade. As this source of noise is out of scope in the present work, no turbulence has been imposed at the inlet boundary.
The 2-D flow is simulated using the unsteady compressible LES solver AVBP [19] . These Large-Eddy Simulations are performed using the Smagorinsky subgrid-scale model. The laminar and turbulent Prandtl numbers (Pr and Pr t respectively) are chosen large enough to minimize thermal diffusion within the flow (Pr t ¼ 100), and thus to avoid problems in the interpretation of the results. The numerical method used for the simulations comes from the family of Two-step TaylorGalerkin (TTG) schemes proposed by Quartapelle and Selmin [26] . The selected TTG scheme is TTG4A that is third-order in space and fourth-order in time and exhibits good dispersion properties. The topology of the computational case is sketched in Fig. 2 . The mesh contains 115 000 triangles and the origin of the reference frame is located at the blade trailing edge. The transfer functions are evaluated by only pulsating one kind of wave (entropy, vorticity or acoustic) at a time at the corresponding computational domain boundary (inlet or outlet), whereas all the other in-going waves are set to zero. Only planar waves with a purely axial wave vector (k y ¼ 0) are considered. The pulsed waves are imposed in the following manner:
where N k is the number of frequencies which are pulsed (50 in the present case) and where τ 0 is a fundamental characteristic time based on a Strouhal number of 0.1 (the former is based on the corresponding combustion chamber swirler properties). The amplitude A k is the same for each frequency k, and it is in the order of 10 À 3 . The temporal evolution of the signal f(t) is shown in Fig. 3 . The spectral decomposition of this signal is of course made up of N k harmonic frequencies based of 1=τ 0 and of the same magnitude.
As shown in Table 1 , four kinds of simulations are performed, which starts from a statistically converged unperturbed flow. The simulations with the perturbations of entropy (S-1) and acoustic (A-1) waves at the inlet and with the perturbation of the acoustic wave at the outlet (A-2), provide the acoustic-to-acoustic and entropy-to-acoustic transfer functions of the blade row, whereas a fifth simulation N-0 evaluates the global noise level, to verify that it is lower than the one produced by the perturbation of the inlet waves. In the third simulation (V-1), the vorticity-to-acoustic transfer function is calculated imposing the vorticity perturbation at the inlet. For simulations S-1 and A-1, the frequencies of the imposed 
Results
As shown in Fig. 4 , the generalization to a 2-D configuration (blade rows) made by Cumpsty and Marble has a major effect on the propagation of both indirect (left plot) and direct noise (right plot) compared with the 1-D model of Marble and Candel. As mentioned in Section 2, the 2-D model can deal with any angle of attack of the incident waves. The acoustic responses at the outlet of a blade row w þ 2 to a purely axial entropy perturbation at the inlet w s 1 (Fig. 4(a) ), and to an acoustic one at the inlet w þ 1 (Fig. 4(b) ) are then plotted for different inlet and outlet flow angles θ 1 and θ 2 , respectively. For the 1-D model of Marble and Candel, the Mach number based either on the total velocity magnitude or on the axial component of the velocity is used. It can be seen that the 2-D and 1-D models provide quite different results for important flow deviations that can be found in turbine stages, showing the importance of the 2-D analytical model. It should also be stressed that for θ 1 ¼ θ 2 ¼ 0, the results of the two theories collapse as expected.
To understand the limitations of the 2-D analytical model, the numerical simulations are used to study the compact assumption and its influence on the transfer functions. First, only the entropy wave is imposed with the f(t) signal at the inlet in the simulation S-1, and the other incoming waves are left untouched. Fig. 5 shows the field of the entropy perturbation s 0 =c p at different times. It can be seen that the entropy wave remains planar before the blade row (there is no injection of vortical perturbations) and that it is rather perturbed after the interaction with the blade and the downstream wake. As the flow is turbulent after the blade row (Re % 10 6 ), all the post-processing of waves is performed by integration of the required quantities along the transversal direction, since the waves of interest are axially oriented (k y ¼0). Then, quadratic average of the waves Fouriertransform modulus is calculated along the axial direction depicted in Fig. 2 . This implies that results will present only the absolute value of the waves, as the phase is lost due to the quadratic averaging. The local 1-D waves w x j are calculated as follows:
whereas the global 1-D waves w j are obtained using the following relation:
In Fig. 6 the acoustic response of the blade row to an entropy perturbation is plotted as a function of the dimensionless convective wavelength λ c =ℓ x based on the inlet quantities. The transfer function obtained from the simulation S-1 tends to the compact model when the wavelengths are large and decreases rapidly for small wavelengths, where the assumptions are no longer valid. Fig. 7 shows the acoustic response of the blade row to an acoustic perturbation plotted as a function of the dimensionless acoustic wavelength λ a =ℓ x based on the inlet quantities. The frequencies in simulation A-1 are the same as in S-1, so that the wavelengths are larger than in case S-1. The transfer function obtained from simulation A-1 is thus very close to the model value since the wavelengths are large compared with the blade axial length ℓ x . As seen in Section 2, the model of Cumpsty and Marble [6] assumes that the entropy is conserved. It is obvious that the turbulent mixing in the flow downstream of the blade row strongly affects the structure of the wave and that the initial planar coherence is lost for higher frequencies as it is shown in Fig. 8 . The global entropy wave in Fig. 8a , which corresponds to the axially averaged wave, is not representative in this case, since the mixing process takes place after the blade row. The evolution along the axial direction of the entropy wave is more relevant of its attenuation as observed in Fig. 8b . Large wavelengths are practically not affected by the mixing that occurs at the scales of the blade dimension, and levels remain the same until the outlet. The intensity of small wavelengths decreases more rapidly, and noticeably these waves are already attenuated at the very beginning of the downstream flow (x=l x ¼ 0). Since the spacing between the stator and the rotor Δx is generally very small (Δx=l x $ 0:1) and tends to decrease, it is interesting to understand the reasons of such a phenomenon.
The attenuation in the channel between blades can be explained by the distortion of the planar waves by the mean flow and can be calculated from the mean flow characteristics. The distortion of the waves at the outlet of the blade row is here evaluated by a Lagrangian tracking of particles seeded at the inlet. Fig. 9a shows the path-lines of the particles computed from the mean flow (the flow is quasi-steady and not turbulent in the channel between blades), whereas Fig. 9b shows particle-lines seeded at the same time. Both plots show that the flow between the blades is not uniform in the azimuthal direction, and therefore initially axially co-current particles have a different time of arrival at the blade row outlet plane (x=l x ¼ 0). Fig. 9b clearly reveals the deformation of the initially planar waves. The delay in the arrival of particles at the outlet t d (y) is plotted in Fig. 10a versus the transversal direction y normalized with the pitch length L y (y=L y ¼ 0 and y=L y ¼ 1 correspond to the blades trailing-edges). The particles passing by the trailingedges should theoretically have an infinite time of arrival, but have a finite value here because of the finite number of pathlines used to evaluate the function t d (y). This function can be directly used to calculate the attenuation of the entropy waves, which no longer appear as planar at the outlet of the blade row. Indeed, each series of particles can be associated with a sinusoidal level of amplitude. As a consequence, the 1-D temporal fluctuations at the blade row outlet d 0 ðt; kÞ can be simply expressed as follows:
so that the corresponding attenuation D 0 ðkÞ for the frequency k is
which depends on the function t d (y) and on k only. Fig. 10b shows that the attenuation measured in the simulation, and the one computed from the mean flow distortion, are in a quite good agreement for almost the whole spectrum. This strongly supports the idea that the attenuation for small convective wavelength at the beginning of the downstream flow is caused by the distortion of initially planar waves by the mean flow. This phenomenon will of course produce non-planar waves at the outlet. A more general expression of Eq. (46) can be
where the integer m corresponds to the m-th transversal mode of propagation of the entropy wave. This function is plotted in Fig. 11 for different transversal modes. When the frequency tends to zero, only planar waves (m¼0) are observed without attenuation. When the wavelength is close to the dimension of the blade, times m, the transversal modes are maximum, whereas the planar mode strongly decreases. These observations suggest that, to study non-compact aspects of the waves transmission and generation, not only planar waves should be looked at but also spinning modes, even if the excitation is planar. This redistribution can have a significant influence when several blade rows are involved. The model of Cumpsty and Marble [6] also predicts the generation of vorticity waves. Indeed, both acoustic and entropy waves generate vorticity waves when propagated through the stator vane, as shown in Fig. 12 . Even though there is no noise theoretically caused by vorticity in the stator vane case presently investigated (due to the θ 1 ¼ 0) this could become relevant when coupling different blade rows. It is therefore interesting to study the vorticity wave generated by both acoustic and entropy waves propagating. In Fig. 12 the vorticity waves generated by acoustic perturbations are correctly predicted for large wavelengths, while those generated by entropy perturbations are underestimated. This is caused by the low level of vorticity induced in this case, which is of the same order of magnitude as the vorticity present in the reference simulation (N-0) and due to the trailing-edge wake, as shown in Fig. 13 . Waves propagating downstream through the blade row generate both downstream and upstream propagating acoustic waves. When studying a complete turbine stage, the upstream propagating acoustic waves generated by the downstream blade rows have to be taken into account and correctly propagated. Simulation A-2 allows a comparison between the analytical model and the numerical simulations for the case of an upstream propagating acoustic wave through the blade row. Fig. 15 shows the corresponding transfer functions, where it can be seen that at large wavelengths the simulation tends to the analytical value.
Overall, the transfer functions for all waves obtained with the simulations are in good agreement with the compact analytical model at low frequencies. This is not the case when the wavelength is of the order of the blade length, or smaller. However, perturbations within an aeronautical combustion chamber are expected to be low frequency, so that these results have to be considered in the combustion-noise framework, that is to say taking into account the spectra of entropy and acoustic waves at the combustion chamber outlet. To calculate the errors made on the noise prediction by the use of the model on a real configuration, the spectra of entropy and downward propagating acoustic wave, obtained with LES on a model SAFRAN combustor, are used (see Fig. 16 ), where it can be seen that the entropy wave at the outlet of the combustion chamber is much larger than the acoustic wave.
The approach to evaluate this spectrum is the same as the one used throughout the paper (planar waves and k y ¼0). The noise power (P) at the outlet is calculated as follows:
TF is the transfer function (analytical with the compact assumption, or the one obtained with the simulations) and S is the source term shown in Fig. 16 (entropy for the indirect noise and acoustic for the direct noise). The noise for the acoustic (direct noise) is calculated with both transfer functions (TFs): the one obtained by simulations and the one obtained with the analytical model. The error between the two methods is given by The result obtained by the model is found to be only 17 percent different from the real case when comparing the noise power as presented in Eq. (49), or equivalently 0.6 dB. This error rises up to 56 percent for the entropy (indirect noise), or a 2 dB overestimate as reported in Table 2 .
Conclusions
In the present study, the generalization to a 2-D configuration made by Cumpsty and Marble [6] is shown to have a major effect on the acoustic transmission of both direct and indirect combustion noise through blade rows compared with the 1-D model of Marble and Candel [17] , previously used to compare with the Entropy Wave Generator (EWG) experiment [2, 14] . The 2-D model can deal with any angle of incidence of the impinging waves, and even for incident axial ones the difference can be large due to the strong deviation of the mean flow present in typical turbine blades. Moreover, the acoustic responses at the outlet of a blade row w However, the 2-D analytical model still relies on the compact assumption that limits it to the low frequency range. Numerical unsteady simulations of the response of an isolated turbine stator vane have therefore been performed in a 2-D configuration to evaluate its range of validity and estimate the error made when applying the method to non-zero frequencies. The acoustic transmission and reflection are shown to be well predicted by the model in the frequency range corresponding to acoustic wavelengths λ a =ℓ x 4 10. The acoustic waves generated by entropy disturbances impinging on the blade row (responsible for indirect noise) are also well predicted at low frequencies, corresponding to convective wavelengths λ c =ℓ x 4 10, but the theoretical results rapidly depart from the numerical ones for higher frequencies. Another assumption in Cumpsty and Marble's [6] model is that entropy waves are just convected through the turbine blades with no distortion. Through a proper post-processing of the steady flow the initially planar entropy waves were shown to be strongly distorted by the inter-blade non-uniform steady flow of the high-pressure distributor. This occurs for entropy wavelengths smaller than the passage length, and therefore is significant at high frequencies. The distortion of the entropy wave scatters the initially plane wave into higher-order modes due to the azimuthal dependency of the mean flow velocity (not considered in the analytical 2-D model), reducing the amplitude of the plane mode. The attenuation of the plane mode due to this effect has been calculated in order to predict the decrease of indirect combustion noise at large frequencies. This phenomenon leads to additional disagreement with the 2-D model and can be significant when considering the multiple blade rows of a turbine. However, entropy perturbations within an actual aeronautical combustion chamber are expected to be mostly in the low-frequency range and this effect could be small. For this reason the derived transfer functions should be considered taking into account the acoustic and entropy waves as inputs coming from measurements or LES results at the exit of a combustion chamber. The calculation of the errors made on the noise prediction at the outlet of an actual distributor vane shows that an error of 0.6 dB is done on the direct noise, and 2.0 dB on the entropy one, when using the present model with disturbances spectra from an actual LES. The entropy fluctuations obtained in the latter are in the lowfrequency range, therefore the overall indirect noises calculated analytically and numerically are in the same range of magnitude. The results provided by this first-order compact approach are globally quite good and make it suitable as part of a core-noise evaluation tool.
In this work only plane waves have been considered. These waves represent a large part of the contribution to combustion noise, as high-order azimuthal modes are cut-off at low frequencies. To completely validate the 2-D analytical model and its assumptions, azimuthal modes should be considered in a future work, as well as computing the transmission of waves through several blade rows, including rotor blades.
